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Abstract: We continue the study of nonrelativistic string theory in background fields.
Nonrelativistic string theory is described by a nonlinear sigma model that maps a rel-
ativistic worldsheet to a non-Lorentzian and non-Riemannian target space geometry,
which is known to be string Newton-Cartan geometry. We develop the covariant back-
ground field method in this non-Riemannian geometry. We apply this background field
method to compute the beta-functions of the nonlinear sigma model that describes non-
relativistic string theory on a string Newton-Cartan geometry background, in presence
of a Kalb-Ramond two-form and dilaton field.
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1. Introduction
Nonrelativistic string theory [1–3] is a unitary and ultraviolet finite quantum theory of
nonrelativistic gravity. This theory has a spectrum of string excitations with a (string)-
Galilean invariant dispersion relation and a well-behaved perturbative expansion. Non-
relativistic string theory in a curved background is described by a two-dimensional
relativistic nonlinear sigma model (NLSM) on the worldsheet, which contains addi-
tional worldsheet fields beyond those that describe the motion of strings in spacetime.
Such additional fields play the role of Lagrange multipliers in the NLSM, and endow
a two-dimensional foliation structure in spacetime. This foliated spacetime has a lon-
gitudinal and transverse sector related to each other by the (string-)Galilean boost,
which is nontrivially realized in the worldsheet NLSM action. The appropriate string-
Galilean boost invariant spacetime geometry that nonrelativistic string theory couples
– 1 –
to is the string Newton-Cartan geometry [4–6]. 1 This target space geometry does not
admit any Riemannian or Lorentzian metric, and therefore is intrinsically different from
Riemannian geometry.
The two-dimensional quantum NLSM that describes nonrelativistic string theory in
a curved background contains spacetime background fields such as the string Newton-
Cartan gauge fields, B-field and dilaton. These spacetime fields play the role of classi-
cally marginal couplings. The absence of any worldsheet Weyl anomaly at the quantum
level in nonrelativistic string theory requires tuning these background fields such that
all beta-functions of the worldsheet NLSM vanish, leading to a two-dimensional con-
formal field theory. The vanishing beta-functions give rise to equations of motion that
determine the backgrounds on which nonrelativistic string theory can be consistently
defined quantum mechanically.
The spacetime equations of motion in nonrelativistic string theory have recently
been derived in [20] by first computing the linearized equations that follow from the
Weyl invariance condition of the vertex operators around flat spacetime, and then
going to higher orders in the background perturbations. 2 The equations of motion
found in [20] are to nonrelativistic string theory what the supergravity equations of
motion are to relativistic string theory. The method used in [20] has the benefit of
being straightforward, and the origin of the spacetime equations of motion is physically
manifest when directly dealing with the vertex operators. The result in [20] is then
corroborated in a companion paper [6] by taking a subtle limit of beta-functions in
relativistic string theory.
Since the vertex operators are defined around flat spacetime, the method in [20] is
not covariant with respect to the NLSM reparametrizations. In principle, it is straight-
forward to compute all higher order terms in the equations of motion by evaluating
various operator product expansions, but in practice, it is more feasible to determine
these higher order terms by requiring that all ingredients are covariantized. It is there-
fore of immediate interest to develop a covariant background field method in string
Newton-Cartan geometry and apply it to derive the beta-functions in the NLSM action
1For other recent work on nonrelativistic strings, see [7–19]. In [10, 13, 19], with the zero torsion
condition dτ = 0, a specific truncation of the string Newton-Cartan gravity (with zero B-field and
dilaton) in the target space was considered, which leads to Newton-Cartan gravity in one dimension
lower, supplemented with an extra worldsheet scalar parametrizing the spatial foliation direction. A
more thorough examination of this relation in the presence of the B-field was later explored in [19],
where the necessity of imposing the torsionless constraint D[µτν]
A = 0 in nonrelativistic string theory
was studied at the classical level. We will focus on the zero torsion case in the bulk of the paper, and
only comment on the quantum effects from a nonzero torsion in Appendix B.
2For a study of Weyl invariance of the sigma model in a torsional Newton-Cartan background, see
[18].
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that describes nonrelativistic string theory, in which we compute the Weyl anomalies
by using Feynman diagrams. 3 This not only provides us with a powerful way for ex-
tracting higher order contributions in background fields, complementary to the method
used in [20], but also improves our understanding of string Newton-Cartan geometry.
This could facilitate future studies when more structures such as supersymmetry and
D-branes are included.
In this paper, we develop the covariant background field method for string Newton-
Cartan geometry on a non-Riemannian manifold. 4 In this geometry, an affine connec-
tion can be defined in the absence of any metric. As a result, a notion of geodesic
can be introduced in string Newton-Cartan geometry, by which we can define a non-
linear background quantum splitting for the nonrelativistic string theory NLSM. This
procedure allows us to achieve covariance through the calculation of beta-functions.
The paper is organized as follows. In §2.1, we first review basic ingredients of
the NLSM that describes nonrelativistic string theory, and then develop the covariant
background field method on string Newton-Cartan geometry in §2.2, where we also
give the covariant expansion of the NLSM. In §3, we study the one-loop effective action
for the NLSM without the dilaton and derive the beta-functions at the leading α′-
order. Ensuring that the NLSM is well-defined when taking into account higher loop
corrections requires a nonrenormalization theorem that we prove in §3.4. In §4, we
consider the contributions from the dilaton. Finally, we give the conclusion in §5. In
Appendix A, we present identities in string Newton-Cartan geometry that are useful
for the derivation of beta-functions. In Appendix B, we discuss the quantum effects in
the NLSM from turning on torsion in string Newton-Cartan geometry.
2. The Classical Action
2.1. Sigma model on string Newton-Cartan background
LetM be a d dimensional manifold, parametrized by coordinates xµ, µ = 0, 1, · · · , d−1 .
In the following, we give a brief review of string Newton-Cartan geometry on this
manifoldM [4, 6]. Let Tp be the tangent space attached to a point p inM . Decompose
Tp into two longitudinal directions with coordinates xA , A = 0, 1 and d− 2 transverse
directions with coordinates xA
′
, A′ = 2, · · · , d− 1 . EndowM with a two-dimensional
foliation structure by introducing a longitudinal Vielbein field τµ
A and a transverse
Vielbein field Eµ
A′ . The inverse longitudinal (transverse) Vielbein fields τµA (E
µ
A′)
3For the same calculation in relativistic string theory, see [21–24] for some useful references.
4The background field method for the sigma model in torsional Newton-Cartan geometry has been
discussed in [18], which has a different starting point from what we do. See more in Appendix B.
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satisfy the following invertibility conditions:
τµA τµ
B = δBA , τ
µ
A τν
A + EµA′Eν
A′ = δµν , (2.1a)
EµA′Eµ
B′ = δB
′
A′ , τ
µ
AEµ
A′ = EµA′ τµ
A = 0 . (2.1b)
The longitudinal and transverse directions are related by the so-called string-Galilean
boost, which acts on the Vielbein fields and their inverses as
δGτµ
A = 0 , δGEµ
A′ = −τµAΛAA′ , (2.2a)
δGτ
µ
A = E
µ
A′ ΛA
A′ , δGE
µ
A′ = 0 . (2.2b)
To construct string Newton-Cartan geometry, one also needs to introduce an extra
gauge field mµ
A that transforms nontrivially under the string-Galilean boost, with
δGmµ
A = Eµ
A′ΛAA′ . (2.3)
From the gauge fields τµ
A , Eµ
A′ and mµ
A , one can construct a boost invariant two-
tensor with lowered curved indices (in addition to τµν ≡ ηABτµAτνB , which is trivially
boost invariant),
Hµν ≡ EµA′EνA′ +
(
τµ
Amν
B + τν
Amµ
B
)
ηAB . (2.4)
We emphasize that mµ
A is essential for Hµν to be string-Galilean boost invariant.
In string Newton-Cartan geometry, the gauge field mµ
A is associated with a non-
central extension generator ZA in the string Newton-Cartan algebra that underlies
string Newton-Cartan geometry [4, 6]. This generator ZA shows up in the Lie bracket
that involves the transverse translation generator PA′ and the string-Galilean boost
generator GAA′ [4],
[GAA′ , PB′ ] = δA′B′ZA . (2.5)
The ZA transformation acts nontrivially on mµ
A as
δZmµ
A = Dµσ
A , (2.6)
and it acts trivially on τµ
A , Eµ
A′ and Bµν .
5 Here, Dµ is covariant with respect to
the longitudinal Lorentz boost transformation that acts on the index A . Note that
Hµν defined in (2.4) is not invariant under the ZA symmetry, and thus Hµν does not
constitute a metric. It is in this sense that string Newton-Cartan geometry is non-
Riemannian.
5In [19], a different spacetime gauge symmetry group is proposed, in which there is a different ZA
symmetry transformation that acts nontrivially on both mµ
A and Bµν .
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Next, we define the affine connection Γ onM by imposing the Vielbein postulates
Dµτν
A − Γρµν τρA = 0 , DµEνA′ − Γρµν EρA′ = 0 , (2.7)
where
Dµτν
A ≡ ∂µτνA − AB Ωµ τνB , DµEνA′ ≡ ∂µEνA′ + ΩµAA′τνA − ΩµA′B′EνB′ . (2.8)
We have introduced the spin connections Ωµ , Ωµ
AA′ and Ωµ
A′B′ , which are associated
with the longitudinal Lorentz rotation, the string-Galilean boost and the transverse
rotation, respectively. In string Newton-Cartan geometry, Γρµν is required to satisfy
the torsionless condition,
Γρµν = Γ
ρ
νµ . (2.9)
This affine connection can be written in terms of various spin connections by using the
Vielbein postulates in (2.7) and the invertibility conditions in (2.1) as
Γρµν = τ
ρ
AD(µτν)
A + EρA′
(
∂(µEν)
A′ + Ω(µ
AA′τν)A − Ω(µA′B′Eν)B′
)
. (2.10)
Note that Ωµ
AA′ and Ωµ
A′B′ contain mµ
A dependence [4, 6]. Furthermore, from (2.7)
and (2.9), we find the curvature constraints
D[µτν]
A = 0 , D[µEν]
A′ = 0 . (2.11)
The condition D[µτν]
A = 0 imposes nontrivial constraints on τµ
A ,
C
(Aτ[µ
B)∂ντρ]
C = 0 . (2.12)
This defines the generalized hypersurface orthogonality condition in a two-dimensional
foliation structure. 6 This concludes our review on string Newton-Cartan geometry.
We now proceed to the construction of the NLSM that describes nonrelativistic
string theory on a general curved string Newton-Cartan background, in presence of
a Kalb-Ramond two-form and dilaton field. Let Σ be a two-dimensional Euclidean
space, parametrized by σα , α = 1, 2 . Let the spacetime coordinates xµ = xµ(σ) be
a mapping from the worldsheet Σ to the target space M . We also introduce two
additional worldsheet fields λ(σ) and λ(σ) . The NLSM is [5, 25]
S =
1
4piα′
∫
d2σ
{
∂xµ ∂xν
(
Hµν [x] +Bµν [x]
)
+ λ ∂xµ τµ[x] + λ ∂x
µ τµ[x]
}
, (2.13)
6This is an analogue of the hypersurface orthogonality condition in spacetime with a one-
dimensional foliation structure.
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where Bµν is the Kalb-Ramond two-form field and
∂ =
∂
∂σ1
− i ∂
∂σ2
, τµ = τµ
0 + τµ
1 , (2.14a)
∂ =
∂
∂σ1
+ i
∂
∂σ2
, τµ = τµ
0 − τµ1 . (2.14b)
Since the worldsheet is taken to be flat, there is no dilaton in the action. This sigma
model action is invariant under the string Newton-Cartan gauge symmetries [5]. In
order for the sigma model action (2.13) to be invariant under the ZA gauge symmetry,
one also needs to transform the Lagrange multipliers λ and λ as
δZλ = ∂x
µDµ
(
σ0 − σ1) , δZλ = ∂¯xµDµ(σ0 + σ1) ; (2.15)
in addition, one needs to impose the hypersurface orthogonality condition D[µτν]
A = 0
in (2.11). This condition prohibits the λλ operator from being generated by quantum
corrections in the effective action, which would otherwise deform the theory towards
relativistic string theory [20]. 7
Finally, it will prove later to be useful in the quantum calculations to take the
following field redefinition of λ and λ in the sigma model action (2.13):
λ→ λ− ∂xµ (mµ0 −mµ1) , λ→ λ− ∂xµ (mµ0 +mµ1) . (2.16)
Consequently, (2.13) can equivalently be written as
S =
1
4piα′
∫
d2σ
{
∂xµ ∂xν
(
Eµν [x] + Aµν [x]
)
+ λ ∂xµτµ[x] + λ ∂x
µτµ[x]
}
, (2.17)
where
Eµν ≡ EµA′EνA′ , Aµν ≡ Bµν +
(
mµ
Aτν
B −mνAτµB
)
AB . (2.18)
Note that Eµν is invariant under the ZA gauge transformation but not invariant under
the string-Galilean boost, and Aµν = −Aνµ . The associated path integral is
Z =
∫
DλDλDxµ
√
Ge−S , (2.19)
Here, G is given by [6, 20]
G ≡
(d)
det
(
Hµν
) (2)
det
(
τρ
AHρστσ
B
)
, (2.20)
where Hµν is the inverse of Hµν such that H
µρHρν = δ
µ
ν . Note that G is independent
of mµ
A . The action (2.17) and its path integral (2.19) will be what we mostly work
with in the rest of the paper.
7See more in §3.4 and Appendix B.
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2.2. Covariant background field method
In this section, we develop the background field method in string Newton-Cartan ge-
ometry and apply it to expand the sigma model defined in (2.17) around a covariant
background.
Consider a sufficiently small neighborhood O of a point xµ0 in M . For an arbi-
trary point xµ in O , there exists a unique geodesic interpolating between xµ0 and xµ ,
parametrized by yµ(s) , with an affine parameter s ∈ [0, 1] , such that
d2yµ(s)
ds2
+ Γµρσ[y(s)]
dyρ(s)
ds
dyσ(s)
ds
= 0 , (2.21)
and
yµ(0) = xµ0 , y
µ(1) = xµ . (2.22)
Define
`µ ≡ dy
µ(s)
ds
∣∣∣∣
s=0
, (2.23)
which is the tangent vector to the geodesic at s = 0 . Here, the connection coefficients
Γρµν are given in (2.10). Since we have relocated the dependence on mµ
A to be in the
two-form field Aµν in (2.17), the string Newton-Cartan geometry now effectively has
mµ
A = 0 . This implies that we also need to set mµ
A = 0 in Γ when later applying this
background field method to expand the action (2.17).
Next, we define a covariant derivative ∇s for the affine parameter s ,
∇s = dy
µ(s)
ds
∇µ . (2.24)
Here, ∇µ is the covariant derivative defined with respect to the affine connection Γ ,
which acts respectively on vector field Vµ and one-form field ω
µ as
∇νVµ = ∂νVµ − ΓρµνVρ , ∇ν ωµ = ∂ν ωµ + Γµρσ ωρ . (2.25)
Note that the differential d/ds acting on M commutes with the worldsheet derivative
∂α ≡ ∂/∂σα . Therefore,
∇s ∂αyµ(s) = ∇αdy
µ(s)
ds
, ∇sdy
µ(s)
ds
= 0 , (2.26a)[∇s ,∇α]dyµ
ds
= ∂αx
ν Rµρσν
dyρ
ds
dyσ
ds
, (2.26b)
where
Rµρσν = ∂σΓ
µ
νρ − ∂νΓµσρ + ΓµσκΓκνρ − ΓµνκΓκσρ (2.27)
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defines the curvature tensor.
We expand the Lagrangian associated with the sigma model action in (2.17) around
the classical background field xµ0(σ) , with respect to the affine parameter s. We take
the fluctuation field to be the tangent vector `µ(σ) defined in (2.23). Furthermore, we
define
S[y(s)] =
1
4piα′
∫
d2σ
{
∂yµ(s) ∂yν(s)
(
Eµν [y(s)] + Aµν [y(s)]
)
+ λ ∂yµ(s) τµ[y(s)] + λ ∂y
µ(s) τµ[y(s)]
}
, (2.28)
such that S[y(1)] = S[x] in (2.17). Then,
S[x] = S[x0] + S
(1)[x0 , `] + S
(2)[x0 , `] +O(`
3) , (2.29)
where
S(n)[x0] =
1
n!
dnS[y(s)]
dsn
∣∣∣∣
s=0
. (2.30)
We assumed that the Lagrange multipliers λ and λ are independent of the affine pa-
rameter s . It then follows that
S(1)[x0] =
1
4piα′
∫
d2σ
{
∇`ρ Γρ +∇`ρ Γρ + `ρ ∆ρ + λ
(∇`ρ τρ + ∂xµ0 `ρ∇ρτµ)
+ λ
(∇`ρ τ ρ + ∂xµ0 `ρ∇ρτµ)} , (2.31)
and
S(2)[x0] =
1
4piα′
∫
d2σ
{
∇`ρ∇`σEρσ + `ρ∇`σ Uρσ + `ρ∇`σ Uρσ +`ρ`σ Vρσ
+ λ
[
`ρ∇`σ∇ρτσ+ 12 `ρ`σ ∂xµ0
(∇ρ∇σ τµ + τλRλρσµ)]
+ λ
[
`ρ∇`σ∇ρτσ+ 12 `ρ`σ∂xµ
(∇ρ∇σ τµ + τλRλρσµ)]} , (2.32)
where
Γρ = ∂x
µ
0 Eµρ , Γρ = ∂x
µ
0 Eµρ , ∆ρ = ∂x
µ
0 ∂x
ν
0
(∇ρEµν + Fρµν) , (2.33a)
Uρσ = ∂xµ0
(∇[ρEσ]µ − 12Fρσµ) , Uρσ = ∂xµ0 (∇[ρEσ]µ + 12Fρσµ) , (2.33b)
Vρσ = 1
2
[
∂xµ0 ∂x
ν
0
(∇(ρ∇σ)Eµν −∇µ∇(ρEσ)ν −∇ν∇(ρEσ)µ +∇(ρFσ)µν)
+ ∂xµ0 ∂x
ν
0
(
EµλR
λ
(ρσ)ν + EνλR
λ
(ρσ)µ
)− 2∇∂xµ0 ∇(ρEσ)µ)] . (2.33c)
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Here, Fρµν is the field strength for the anti-symmetric field Aµν , with
Fρµν ≡ ∂ρAµν + ∂µAνρ + ∂νAρµ . (2.34)
Since we have shuffled all the mAµ dependence into Aµν in (2.17), it is understood that
mµ
A = 0 in the connection coefficients Γρµν and hence the curvature tensor R
µ
νρσ . It
is understood that the coefficients in the expansion (such as the ones in (2.33)) are
evaluated at xµ0(σ) . Moreover, we introduced the definitions
∇ ≡ ∇1 − i∇2 , ∇ = ∇1 + i∇2 . (2.35)
The Vielbein postulates (2.7) can be rewritten as
∇µτν = −Ωµτν , ∇µτ ν = Ωµτ ν , ∇µEνA′ = ΩµA′B′EνB′ − ΩµAA′τνA . (2.36)
Using (2.36) to rewrite ∇τ in terms of Ωµ in (2.29), and then applying the field redefi-
nitions
λ→ λ [1 + `ρ Ωρ + 12 `ρ`σ(∇ρ Ωσ + Ωρ Ωσ)] , (2.37a)
λ→ λ [1− `ρ Ωρ − 12 `ρ`σ(∇ρΩσ − Ωρ Ωσ)] , (2.37b)
we find that (2.29) becomes
S[x] = S[x0]+
1
4piα′
∫
d2σ
(
∇`ρ Γρ +∇`ρ Γρ + `ρ ∆ρ + λ∇`ρ τρ + λ∇`ρ τ ρ
+∇`ρ∇`σEρσ + `ρ∇`σ Uρσ + `ρ∇`σ Uρσ + `ρ`σ Vρσ
+ 1
2
λ `ρ`σ ∂xµ0 τλR
λ
ρσµ +
1
2
λ `ρ`σ∂xµ0 τλR
λ
ρσµ
)
+O(`3) . (2.38)
There is an alternative way to understand the set of field redefinitions in (2.37) for
the Lagrange multipliers. We initially assumed that λ and λ were independent of the
affine parameter s ; we now assume that λ and λ have the following s-dependence:
λ(s) = λµ(s) τ
µ[y(s)] , λ(s) = λµ(s) τ
µ[y(s)] , (2.39)
where
τµ ≡ 1
2
(
τµ0 + τ
µ
1
)
, τµ ≡ 1
2
(
τµ0 − τµ1
)
, (2.40)
and λµ and λµ are required to satisfy
∇s λµ(s) = ∇s λµ(s) = 0 , (2.41)
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together with
λµ(s) = λ(s) τµ[y(s)] , λµ(s) = λ(s) τµ[y(s)] . (2.42)
Here, (2.42) is imposed such that no extra degree of freedom is introduced. It is natural
to take the reparametrizations in (2.39) since λ (and λ) transforms with respect to
the longitudinal Lorentz rotation in the same way as τµ (and τµ). Using the above
prescriptions to expand λ(s) and λ(s) as
λ(1) = λ(0) +∇sλ(s)
∣∣
s=0
+ 1
2
∇2sλ(s)
∣∣
s=0
+ · · · , (2.43a)
λ(1) = λ(0) +∇sλ(s)
∣∣
s=0
+ 1
2
∇2sλ(s)
∣∣
s=0
+ · · · , (2.43b)
we obtain
λ(1) = λ(0)
[
1 + `ρΩρ[x0] +
1
2
`ρ`σ
(∇ρ Ωσ[x0] + Ωρ[x0] Ωσ[x0])+ · · ·] , (2.44a)
λ(1) = λ(0)
[
1− `ρΩρ[x0]− 12 `ρ`σ
(∇ρ Ωσ[x0]− Ωρ[x0] Ωσ[x0])+ · · ·] . (2.44b)
Plugging these expansions into (2.28) has the same effect as applying the field redefi-
nitions (2.37) to (2.29).
3. Quantum Calculations
In this section, we consider the path integral (2.19) for the action (2.38) that is expanded
around a covariant background. We have split the worldsheet field xµ(σ) into the
classical part xµ0(σ) and the quantum part parametrized by `
µ(σ) . For the additional
worldsheet fields λ(σ) and λ(σ) in the sigma model, we split λ(0) and λ(0) in (2.44)
as follows:
λ(0) = λ0(σ) + ρ(σ) , λ(0) = λ0(σ) + ρ(σ) , (3.1)
where λ0(σ) and λ0(σ) are the classical parts on the same footing as x
µ
0(σ) , while ρ(σ)
and ρ(σ) are quantum fields on the same footing as `µ(σ) . There is an obvious choice
for the measure in the path integral such that the path integral is covariant under the
spacetime gauge transformations,
Z =
∫
DρD ρD`µ
√
G[x0] e
−S[ρ , ρ , `µ] . (3.2)
Here, the action is given in (2.38), and G[x0] is defined in (2.20) but now evaluated at
x0 . For later convenience, we change variables from `
µ to `I , I ∈ {A,A′} , with
`A ≡ τµA `µ , `A′ ≡ EµA′`µ . (3.3)
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The path integral in (3.2) now becomes
Z =
∫
DρD ρD`I exp
{
−S[ρ , ρ , `I]} , (3.4)
where the measure takes a more canonical form, which can be defined with respect to
the L2 norms [26]∣∣∣∣`A∣∣∣∣2 = ∫ d2σ `A`BηAB , ∣∣∣∣`A′∣∣∣∣2 = ∫ d2σ `A′`B′δA′B′ . (3.5)
Since the second norm breaks the boost symmetry, the full string Newton-Cartan gauge
symmetry will only become manifest at the end of the calculation. The action in (3.4)
is the same as (2.38) but with the substitutions (3.1) and `µ = τµA[x0] `
A+EµA′ [x0] `
A′ ,
where it is useful to apply (2.36) to derive
∇α`µ = τµA[x0]Dα`A + EµA′ [x0]Dα`A′ , (3.6)
with
Dα`
A ≡ ∂α`A − AB Ωµ[x0] ∂αxµ0 `B , (3.7a)
Dα`
A′ ≡ ∂α`A′ +
(
ηAB Ωµ
AA′ [x0] `
B − ΩµA′B′ [x0] `B′
)
∂αx
µ
0 . (3.7b)
Next, we collect terms quadratic in the quantum fields {ρ , ρ , `I} . These terms
contribute the one-loop effective action. The free part of the quadratic action is
Sfree =
1
4piα′
∫
d2σ
(
∂`A
′
∂`A
′
+ ρ ∂`+ ρ ∂`
)
, (3.8)
with ` ≡ `0 + `1 and ` ≡ `0− `1 . The interactions between the quantum fields and the
background fields are
S
(2)
int =
1
4piα′
∫
d2σ
[
`I ∂`JAIJ [x0] + `I ∂`JA¯IJ [x0] + `I`JBIJ [x0]
+ ρ ` C[x0] + ρ ` C[x0]
]
, (3.9)
where components of the background dependent coefficients AIJ [x0] , A¯IJ [x0] , BIJ [x0] ,
C[x0] and C[x0] can be read off from (2.38). Note that AIJ and A¯IJ are anti-symmetric
while BIJ is symmetric. Later in this section, when we compute the one-loop effective
action, we will find that only the following components of these background-dependent
coefficients contribute:
AA′B′ = ΩµA′B′∂xµ0 + UA′B′ , C = −Ωµ ∂xµ0 , (3.10a)
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A¯A′B′ = ΩµA′B′ ∂xµ0 + UA′B′ , C = Ωµ ∂xµ0 , (3.10b)
BA′B′ = Ωµ(A′C′
(
Ων
B′)C′∂xµ0 ∂x
ν
0 + UB
′)C′ ∂xµ0 + UB
′)C′ ∂xµ0
)
+ VA′B′ + 12 EρA′EσB′
(
λ0 ∂x
µ
0 τν + λ0 ∂x
µ
0 τ ν
)
Rν(ρσ)µ . (3.10c)
Here, UA′B′ ≡ EµA′EνB′ Uµν and VA′B′ ≡ EµA′EνB′ Vµν , with Uµν and Vµν given in
(2.33). Since the explicit expressions of other components in the background dependent
coefficients are not needed for later calculations, we will not present them here.
3.1. One-loop quantum corrections
We now derive the Feynman rules associated with (3.8) and (3.9), and then compute
one-loop diagrams to determine the one-loop effective action.
We start with defining the expectation value for a given operator O with respect
to the free theory (3.8) as
〈0|O|0〉 ≡
∫
DρDρD`I O e−Sfree . (3.11)
Here, we take the normalization such that 〈0|0〉 = 1 . From the free action (3.8) we
derive all the nontrivial propagators in position space,
GA
′B′(σ , σ′) ≡ 〈0|T `A′(σ) `B′(σ′)|0〉 = 2piα′ δA′B′∆(σ − σ′) , (3.12a)
G(σ , σ′) ≡ 〈0|T ρ(σ) `(σ′)|0〉 = 4piα′ ∂∆(σ − σ′) , (3.12b)
G(σ , σ′) ≡ 〈0|T ρ(σ) `(σ′)|0〉 = 4piα′ ∂∆(σ − σ′) , (3.12c)
where ∂ and ∂ are with respect to σ (later, we will also use ∂′ and ∂
′
to denote derivatives
with respect to σ′) and
∆(σ − σ′) ≡
∫
d2k
(2pi)2
eik·(σ−σ
′)
k2 − i = − log
(
1
2
µIR|σ − σ′|
)− γE +O(µIR) , (3.13)
with µIR an infrared (IR) regulator and γE the Euler-Mascheroni constant.
To present the Feynman rules for vertices, we define
dµ(σ , σ′ , σ′′) ≡ d2σ δ(2)(σ′′ − σ) δ(2)(σ′′ − σ′) . (3.14)
The vertices associated with the operators in (3.9) are
×
A
`I(σ) `J(σ′)
≡ V AIJ(σ , σ′) = −
1
4piα′
∫
AIJ(σ′′)
(
∂
′ − ∂)dµ(σ , σ′ , σ′′) , (3.15a)
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×A¯
`I(σ) `J(σ′)
≡ V A¯IJ(σ , σ′) = −
1
4piα′
∫
A¯IJ(σ′′)
(
∂′ − ∂)dµ(σ , σ′ , σ′′) , (3.15b)
×
B
`I(σ) `J(σ′)
≡ V BIJ(σ , σ′) = −
1
2piα′
∫
BIJ(σ′′) dµ(σ , σ′ , σ′′) , (3.15c)
×
C
ρ(σ) `(σ′)
≡ V C(σ , σ′) = − 1
4piα′
∫
C(σ′′) dµ(σ , σ′ , σ′′) , (3.15d)
×C
ρ(σ) `(σ′)
≡ V C(σ , σ′) = − 1
4piα′
∫
C(σ′′) dµ(σ , σ′ , σ′′) (3.15e)
We first consider one-loop diagrams with a single vertex insertion. Since AIJ and
A¯IJ are anti-symmetric, we have
×
A
=
×
A¯
= 0 . (3.16)
The remaining one-loop diagrams with a single vertex insertion sum to be
×
B
+
×
C
+
×
C
=
1
2
∫
d2σ d2σ′
[
V BA′B′(σ , σ
′)GA
′B′(σ , σ′) + V C(σ , σ′)G(σ , σ′) + V C(σ , σ′)G(σ , σ′)
]
= −1
2
∆(0)
∫
d2σ BA′A′
− 1
2
∫
d2σ
{
C(σ) [∂∆(σ − σ′)]
σ′=σ + C(σ) [∂∆(σ − σ′)]σ′=σ
}
. (3.17)
Note the log divergent factor
∆(0) =
1
2pi
log
(
Λ
µIR
)
, (3.18)
where we have introduced the UV cutoff Λ in momentum space. In addition,∫
d2σ C(σ)[∂∆(σ − σ′)]
σ′=σ =
∫
d2σ C(σ)
∫
d2k
(2pi)
i
κ
, (3.19)
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where κ ≡ k1−ik2 . The momentum integral in (3.19) is linearly divergent and needs to
be treated with care. We will see later that taking the na¨ıve regularization by setting[
∂∆(σ − σ′)]
σ′=σ = 0 turns the string-Galilean boost symmetry anomalous in the final
beta-functions. However, a linear divergence is defined up to a boundary term [27],
which can be fixed in this case by requiring the boost symmetry. Consider a shift in
κ , parametrized by an arbitrary constant a , such that∫
d2σ C(σ)[∂∆(σ − σ′)]
σ′=σ =
∫
d2σ
∫
d2q
(2pi)2
C˜(q) eiq·σ
∫
d2k
(2pi)2
i
κ+ a (q1 − iq2) + · · ·
= −a∆(0)
∫
d2σ
∫
d2q
(2pi)2
i
(
q1 + iq2
) C˜(q) eiq·σ + · · ·
= −a∆(0)
∫
d2σ ∂ C + · · · . (3.20)
Here, C˜(q) is the Fourier transform of C(σ) and “· · · ” denotes finite contributions. We
have regularized all linear divergences to zero but only kept the boundary contributions,
which will also contribute a boundary term to the one-loop effective action. Similarly,
we take ∫
d2σ C(σ)[∂∆(σ − σ′)]σ′=σ = −a∆(0)
∫
d2σ ∂ C + · · · . (3.21)
We will later see that requiring the boost symmetry in the resulting beta-functions fixes
a = 1 . This choice of a = 1 is equivalent to applying the integration by parts,∫
d2σ C(σ) [∂∆(σ − σ′)]
σ′=σ
= −
∫
d2σ C(σ)[∂′∆(σ − σ′)]
σ′=σ −∆(0)
∫
d2σ ∂ C , (3.22)
and then regularizing
[
∂
′
∆(σ−σ′)]
σ′=σ to zero. Keeping the parameter a in (3.20) and
(3.21), we find that (3.17) becomes
×
B
+
×
C
+
×
C
= −1
2
∆(0)
∫
d2σ
[
BA′A′ − a
(
∂C + ∂C ) ] . (3.23)
We now consider one-loop diagrams with two vertex insertions. There is only one
non-vanishing contribution,
× ×A A¯
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=
1
2
∫
d2σ d2σ′ d2σ˜ d2σ˜′ V AA′B′(σ , σ˜)G
B′C′(σ˜ , σ′)V A¯C′D′(σ
′ , σ˜′)GD
′A′(σ˜′ , σ)
=
1
2
∆(0)
∫
d2σAA′B′ A¯A′B′ + finite . (3.24)
Other diagrams of the same type contain either ∂xµ ∂xν or ∂xµ ∂xν and they vanish
identically by rotational symmetry on the worldsheet. Summing over (3.23) and (3.24),
we obtain the one-loop contribution to the effective action,
S1-loop =
1
2
∆(0)
∫
d2σ
[
−AA′B′A¯A′B′ + BA′A′ − a
(
∂C + ∂C )] , (3.25)
where we only kept the log divergent terms.
Plugging (3.10) in (3.25), and then using (2.33) to substitute U and V gives
S1-loop =
1
2
∆(0)
∫
d2σ
[
∂xµ0 ∂x
ν
0 Oµν − Eρσ∇∂xµ0 ∇ρEσµ
+ 1
2
Eρσ
(
λ0 ∂x
µ
0 τλ + λ0 ∂x
µ
0 τλ
)
Rλρσµ
]
, (3.26)
where
Oµν = ∂xµ0 ∂xν0
[
1
2
Eρσ
(∇ρ∇σEµν −∇µ∇ρEσν −∇ν∇ρEσµ +∇ρFσµν)
− 2 a ∂[µΩν] + 12Eρσ
(
EµλR
λ
ρσν + EνλR
λ
ρσµ
)
+ 1
4
EρσEκλFρκµFσλν
− EρσEκλ∇[ρEκ]µ∇[σEλ]ν + 12EρσEκλ
(Fρκµ∇σEλν −Fρκν∇σEλµ)]}. (3.27)
Note that the (λ0 , λ0)-dependent terms in (3.26) vanish identically since
Eρστν
ARνρσµ = 0 . (3.28)
This identity is manifestly true by using the following relation from [6] but with mµ
A
set to zero,
Rµνρσ = −AB τµA τνBRρσ(M) + EµA′ τνARρσAA′(G)− EµA′ EνB′RρσA′B′(J) , (3.29)
where Rµν(M) ,RµνAA′(G) and RµνA′B′(J) are curvature two-forms associated with
the generators M for longitudinal Lorentz rotation, GAA′ for string-Galilean boost and
JA′B′ for transverse rotation. In particular, note that
Rµν(M) ≡ 2 ∂[µΩν] . (3.30)
It is convenient to further rewrite (3.26) by introducing the following shorthand
notation: we exchange a lowered curved index µ with flat indices in {A ,A′} when it
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is contracted with an inverse Vielbein field and there is no derivative acting on this
inverse Vielbein field. For example, for a tensor Tµν contracted with the Vielbein fields
EµA′ and τ
µ
A , we have
TA′A = EµA′ τ νA Tµν . (3.31)
In this notation, using (3.28), (3.29) and (3.30), (3.26) can be rewritten as
S1-loop =
1
2
∆(0)
∫
d2σ
(
∂xµ0 ∂x
ν
0 Oµν −∇∂xµ0 ∇A
′
EA′µ
)
, (3.32)
where
Oµν = ∂xµ0 ∂xν0
[
1
2
(∇A′∇A′Eµν −∇µ∇A′EA′ν −∇ν∇A′EA′µ +∇A′FA′µν)
− aRµν(M)− E(µB′Rν)A′A′B′(J) + 14 FA′B′µFA′B′ν
−∇[A′EB′]µ∇[A′EB′]ν + EρσEκλFA′B′[µ∇[A′EB′]ν]
]
. (3.33)
3.2. Quantum holomorphic and anti-holomorphic conditions
To proceed with deriving the beta-functions from the one-loop corrections (3.32) to
the effective action, we need to note a few path integral identities that generalize the
classical holomorphic and anti-holomorphic conditions imposed by integrating out the
Lagrange multipliers λ and λ in the sigma model action (2.17) in the flat limit. These
identities will prove to be essential in later discussions.
In the flat limit Eµ
A′ → δA′µ , τµA = δAµ and mµA → 0 , without any B-field or
dilaton, the sigma model action (2.17) becomes
Sfree[λ , λ , x
µ] =
1
4piα′
∫
d2σ
(
∂xA
′
∂xA
′
+ λ ∂X + λ ∂X
)
, (3.34)
where X ≡ x0+x1 and X ≡ x0−x1 . Here, the worldsheet fields λ and λ play the role of
a Lagrange multiplier that impose, respectively, the holomorphic and anti-holomorphic
conditions ∂X = ∂X = 0 . On a curved background, with respect to the classical
background field xµ0(σ) , the analogue of these (anti)-holomorphic conditions are
DX0 = DX0 = 0 , (3.35)
where we introduced the notation
DαX0 ≡ ∂αxµ0 τµ[x0] , DαX0 ≡ ∂αxµ0 τµ[x0] , DαxA
′
0 ≡ ∂αxµ0 EµA
′
[x0] , (3.36)
In the following, we discuss implications of these classical constraints for various cor-
relation functions.
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Consider correlation functions evaluated with respect to the background field xµ0 , λ0
and λ0 . For any operator O , define
〈O〉0 ≡
∫
Dλ0Dλ0Dx
µ
0
√
G[x0]O e−S[λ0,λ0,x0] , (3.37)
with
S[λ0 , λ0 , x0] =
1
4piα′
∫
d2σ
[
∂xµ0 ∂x
ν
0
(
Eµν + Aµν
)
+ λ0DX0 + λ0DX0
]
. (3.38)
Here, we also take λ0 , λ0 and x0 to be quantum fields and they are integrated over in
the path integral, which was not necessary when we only integrated over ρ , ρ and ` to
derive the one-loop effective action. 8
We first consider the correlation function〈[
λ0(σ)
]n [
DX0(σ)
]n+1O[x0 , λ0](σ)〉
0
=
∫
Dλ0Dλ0Dx0
√
G[x0]
δ
δλ0(σ′)
(
M
[
λ0 , x0
]
(σ , σ′)O[λ0 , x0](σ) e−S[x0]
)∣∣∣∣
σ′=σ
,
where O[λ0 , x0] can be any operator insertion and
M [λ0 , x0](σ, σ
′) = −n!
n+1∑
r=1
(4piα′)r
[
δ(2)(σ − σ′)]r−1
(n+ 1− r)!
[
λ0(σ)DX0(σ)
]n+1−r
. (3.39)
Since a total functional derivative term under the functional integral is identically zero,
we find that 〈[
λ0(σ)
]n [
DX0(σ)
]n+1O[λ0 , x0](σ)〉
0
= 0 . (3.40)
Similarly, we have 〈[
λ0(σ)
]n [
DX0(σ)
]n+1O[λ0 , x0](σ)〉
0
= 0 . (3.41)
Next, consider the correlation function〈[
λ0(σ)DX0(σ)
]nO[λ0 , x0](σ)〉
0
=
∫
Dλ0Dλ0Dx0
√
G[x0]
{
δ
δλ(σ′)
(
N
[
λ0 , x0
]
(σ , σ′)O[λ0 , x0](σ) e−S[x0]
)
+ n! (4piα′)n
[
δ(2)(σ − σ′)]n e−S[x0]}
σ′=σ
, (3.42)
8Note that we already integrated out ρ , ρ and ` at this point.
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where
N [λ0 , x0](σ, σ
′) = −n!
n∑
r=1
(4piα′)r
[
δ(2)(σ − σ′)]r−1
(n+ 1− r)! λ0(σ)
[
λ0(σ)DX0(σ)
]n−r
. (3.43)
Dropping the total functional derivative term, we find that〈[
λ0(σ)DX0(σ)
]nO[λ0 , x0](σ)〉
0
= n! (4piα′)n
〈[
δ(2)(σ − σ′)]n〉
0
∣∣∣
σ′=σ
. (3.44)
Similarly,〈[
λ0(σ)DX0(σ)
]nO[λ0 , x0](σ)〉
0
= n! (4piα′)n
〈 [
δ(2)(σ − σ′)]n〉
0
∣∣∣
σ′=σ
. (3.45)
Therefore, 〈[
λ0(σ)DX0(σ)
]n [
λ0(σ)DX0(σ)
]mO[x0](σ)〉
0
=
〈[
λ0(σ)DX0(σ)
]m [
λ0(σ)DX0(σ)
]nO[x0](σ)〉
0
. (3.46)
3.3. One-loop beta-functions
In this subsection, we return to the one-loop contribution to the effective action (3.32)
and take into account the path integral identities in §3.2 to derive the beta-functions
in the nonrelativistic string theory sigma model.
Our discussion so far has not included the counterterms. In fact, 〈· · · 〉0 in (3.37)
is defined with respect to the physical part of the functional couplings Eµν [x0] , Aµν [x0]
and τµ
A[x0] in (3.38). In addition to the one-loop contribution from S1-loop in (3.32),
one will also need to include the counterterm action
Sc ≡ 1
4piα′
∫
d2σ
[
∂xµ0 ∂x
ν
0
(
δEµν + δ
A
µν
)
+ λ0 ∂x
µ
0 δ
τ
µ + λ0 ∂x
µ
0 δ
τ
µ
]
. (3.47)
Then, the one-loop path integral defined with respect to the background fields λ0 , λ0
and x0 is
Z1-loop ≡
〈
e−S1-loop−Sc
〉
0
=
∫
Dλ0Dλ0Dx
µ
0
√
G[x0] e
−Seff , (3.48)
where
Seff ≡ S[λ0, λ0, x0] + S1-loop + Sc . (3.49)
The path integral identities (3.40), (3.41) and (3.46) derived in §3.2 impose two condi-
tions at the action level in S1-loop + Sc :
– 18 –
1. First, in S1-loop+Sc , one can set DX0 = DX0 = 0 in operators that do not contain
any λ0 or λ0 , which we prove as follows. We only need to focus on terms in the
expansion of the path integral Z1-loop that receive contributions from the (λ , λ)-
independent terms in S1-loop + Sc . Moreover, we only need to examine the part
that contains DX0 or DX0 in these (λ , λ)-independent operators. These terms
can be mixed up with contributions from the λ0DX0 and λ0DX0 operators in
the expansion of Z1-loop , giving rise to terms of the following form:〈
λn0
(
DX0
)mO[λ0 , x0]〉0 , 〈λn0 (DX0)mO[λ0 , x0]〉0 , m > n , (3.50)
which are identically zero by (3.40) and (3.41). This effectively sets
DX0 = DX0 = 0 , (3.51)
in the terms that are independent of λ0 or λ0 at the action level in S1-loop + Sc .
2. Second, one can set λ0DX0 = λ0DX0 in S1-loop +Sc . This is because the λ0DX0
and λ0DX0 operators only contribute the nonvanishing terms〈
λn0
(
DX0
)mO[λ0 , x0]〉0 , 〈λn0 (DX0)mO[λ0 , x0]〉0 , m = n (3.52)
to the expansion of Z1-loop , in which case the identity (3.46) applies. This effec-
tively sets at the action level in S1-loop + Sc
λ0DX0 = λ0DX0 . (3.53)
We will therefore impose conditions (3.51) and (3.53) at the level of effective action
accordingly from now on. Consequently, the counterterm action (3.47) becomes
Sc =
1
4piα′
∫
d2σ
[
DxA
′
0 Dx
B′
0
(
δEA′B′ + δ
A
A′B′
)
+ λ0DX0 δ
τ ′
+DX0DX0 δ
Θ +DX0Dx
A′
0 δ
Θ
A′ +DX0Dx
A′
0 δ
Θ
A′
+ λ0
(
DxA
′
0 δ
τ
A′ +DX0 δ
τ
)
+ λ0
(
DxA
′
0 δ
τ
A′ +DX0 δ
τ
)]
, (3.54)
where the counterterms labeled by the superscripts are associated with the couplings
τ ′ ≡ 1
2
(
τ0 + τ1 + τ 0 − τ 1
)
, ΘAA′ ≡ 12
(
EAA′ + A
BABA′
)
, (3.55a)
τ ≡ 1
2
(
τ0 − τ1
)
, ΘA′ ≡ Θ0A′ + Θ1A′ , (3.55b)
τ ≡ 1
2
(
τ 0 + τ 1
)
, ΘA′ ≡ Θ0A′ −Θ1A′ , (3.55c)
Θ ≡ −1
4
(
EA
A − ABAAB
)
. (3.55d)
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Furthermore, for S1-loop in (3.32), there is no dependence on λ0 or λ0 and thus one
just needs to impose the condition DX0 = DX0 = 0 as in (3.51). In addition, applying
Identity 2, 3, 6 and 7 in Appendix A to (3.32), we find
S1-loop = − 1
2α′
∫
d2σ
{
DX0DX0 δΘ +DX0Dx
A′
0 δΘA′ +DX0Dx
A′
0 δΘA′
+DxA
′
0 Dx
B′
0
(
δEA′B′ + δAA′B′
)}
, (3.56)
where
δΘ =
α′
4
[
a ABRAB(M)−RA′AAA′(G)− 12AB∇A
′FA′AB
+ 1
4
FA′B′AFA′B′A
]
∆(0) , (3.57a)
δΘAA′ = −α
′
2
[
ηABRA′B′BB′(G) + 12AB∇B
′FA′B′B + 14FB′C′AFB
′C′
A′
]
∆(0) , (3.57b)
δEA′B′ = −α
′
2
[RA′C′B′C′(J) +RB′C′A′C′(J) + 12FC′D′A′FC′D′B′]∆(0) , (3.57c)
δAA′B′ = −α
′
2
∇C′FA′B′C′ ∆(0) . (3.57d)
We recall that ∆(0) = 1
2pi
log Λ + · · · in (3.18). Indeed, there are enough local coun-
terterms in (3.54) to absorb the loop divergences. Using the counterterms in (3.54) to
cancel the log divergences, we can read off the beta-functions as β(τ ′) = β(τ) = β(τ) =
β(τA′) = β(τA′) = 0 and
βΘ =
δΘ
2pi∆(0)
, βΘAA′ =
δΘAA′
2pi∆(0)
, βEA′B′ =
δEA′B′
2pi∆(0)
, βAA′B′ =
δAA′B′
2pi∆(0)
. (3.58)
The beta-functions are defined without including any “running” of the projectors. For
example, βEA′B′ actually represents E
µ
A′ E
ν
B′ β(Eµν) . Recall that we set mµ
A = 0 in
the curvature two-forms here, and all the mµ
A dependence has been shuffled into the
field strength Fµνρ . Furthermore, supplemented with appropriate transformations of λ
and λ , the action (2.13) is invariant under the Stu¨ckelberg transformations [5, 6]
Hµν → H ′µν −
(
Cµ
A τν
B + Cν
A τµ
B
)
ηAB , (3.59a)
Bµν → B′µν +
(
Cµ
A τν
B − CνA τµB
)
AB . (3.59b)
These transformations leave Θ ,ΘAA′ , EA′B′ = HA′B′ and AA′B′ = BA′B′ invariant.
The beta-functions in (3.58) are therefore invariant under the replacements in (3.59)
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particularly for Cµ
A = −mµA . 9 This allows us to rewrite (3.58) as
βΘ = −α
′
4
[
ηAB
(
RAB(a)− 14HA′B′AHA′B′B
)− AB(−1
2
∇A′HA′AB
)]
, (3.62a)
βΘAA′ =
α′
2
[(
RAA′(a)− 14HB′C′AHB
′C′
A′
)− 1
2
A
B∇B′HA′B′B
]
, (3.62b)
βHA′B′ = α
′(RA′B′(a)− 14HA′C′D′HB′C′D′) , (3.62c)
βBA′B′ = −
α′
2
∇C′HA′B′C′ , (3.62d)
where
Rµν(a) ≡ −a AB τµBRAν(M) + τµARA′νAA′(G)− EµB′RA′νA′B′(J) , (3.63a)
Hµνρ ≡ ∂ρBµν + ∂µBνρ + ∂νBρµ , (3.63b)
and the curvature two-forms are understood to be the ones derived in [4, 6], without
setting mµ
A to zero anymore. Now, mµ
A is only contained in the curvature two-forms
and the covariant derivatives, while Hµνρ is just the field strength of the Kalb-Ramond
field Bµν . Requiring that Rµν(a) is invariant under the string-Galilean boost symmetry
uniquely fixes a = 1 . As noted earlier, this choice of regularization coincides with
setting
[
∂
′
∆(σ − σ′)]
σ′=σ = 0 in (3.22). Furthermore, setting a = 1 in (3.63a) gives
Rµν(1) ≡ Rρµρν , with Rρµσν the curvature tensor defined with respect to the affine
connection (2.10) [4].
3.4. Nonrenormalization theorem
In the one-loop contribution (3.56) to the effective action, we found that no (λ0 , λ0)-
dependent operator is generated and that there are sufficient local counterterms to
absorb all the log divergences. Importantly, the marginal λ0λ0 operator is not generated
quantum mechanically at one-loop. However, if there exist divergent higher-order loop
9When a = 1 , the beta-functions in (3.58) can be written in terms of the curvature tensor Rµνρσ ,
defined with respect to the connection coefficients [4]
Γρµν =
1
2
Eρσ
(
∂µEσν + ∂νEσµ − ∂σEµν
)
+
1
2
τρσ
(
∂µτσν + ∂ντσµ − ∂στµν
)
, (3.60)
where τµν =ηAB τµ
A τν
B, τµν =ηABτµA τ
ν
B and E
µν =EµA′ E
ν
A′ . Note that mµ
A is absent in (3.60).
Setting Cµ
A = −mµA in the replacement rules in (3.59) amounts to applying
τµν → Nµν = τµν − (Eµρ τνA + Eνρ τµA)mρA (3.61)
in addition to Eµν → Hµν in (3.60). Here, Nµν is introduced such that Nµρτρν +EµρHρν = δµν holds.
The resulting Γρµν is the same as (2.10) [4].
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diagrams that generate the λ0λ0 operator in the effective action, then one will need to
turn on this operator before any quantum calculation to ensure that there are enough
local counterterms to absorb the divergent quantum corrections. If this happens, the
worldsheet fields λ0 and λ0 will not be Lagrange multipliers anymore. Instead, the λ0λ0
operator would deform the theory towards relativistic string theory [20]. This can be
shown most manifestly by considering nonrelativistic string theory in flat spacetime,
S =
1
4piα′
∫
d2σ
(
∂xA
′
0 ∂x
A′
0 + λ0 ∂X0 + λ0 ∂X0
)
, (3.64)
but deformed by the λ0λ0 term,
Sλλ =
1
4piα′
∫
d2σ U λ0 λ0 , (3.65)
with a constant U .10 Now, the action S+Sλλ is no more string-Galilean boost invariant
but acquires the global Lorentzian boost symmetry. Then, integrating out the non-
dynamical fields λ0 and λ0 in the action S + Sλλ , we obtain the equivalent action (up
to integration by parts)
Srel. =
1
4piα′
∫
d2σ
(
∂xA
′
0 ∂x
A′
0 + U
−1 ηAB ∂xA0 ∂x
B
0
)
. (3.66)
Defining xµ0 =
(
xA0 /
√
U , xA
′
0
)
, (3.66) becomes the standard Polyakov string action in
conformal gauge. Turning on interactions in (3.66) gives rise to the sigma model that
describes strings propagating in a Riemannian geometry. Therefore, to decide whether
the nonrelativistic string theory sigma model is self-consistent, we need to understand
whether any divergent quantum correction to λ0λ0 is generated at higher loops.
In the following, we show that there is no quantum correction at all loops to any
marginal (λ0 , λ0)-dependent operators. Therefore, the two-dimensional sigma model
that we have been considering so far is self-consistent quantum mechanically. In addi-
tion, we will show that the coupling τµ
A does not run at all loops.
We start with the higher order expansion of the sigma model action (2.17). To
focus on quantum corrections to (λ0 , λ0)-dependent terms, we only need to consider
the (λ0 , λ0)-dependent interactions in the action and take the Taylor expansion of
λ ∂xµ τµ and λ ∂x
µ τµ in (2.17). Recall that, in (2.39), we introduced dependence on
the affine parameter s in λ(s) and λ(s) . Taking into account the conditions in (2.41)
and (2.42), we find that
∇s
(
λ(s) τµ[y(s)]
)
= 0 . (3.67)
10Note that the interactions from promoting U to be x0-dependent will be classically marginal.
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×
λ0
`
ρ
`
ρ
×λ0
ρ
`
Figure 1. The subdiagram chain that starts and ends with two different insertions of vertices
that contain a λ0 field. The dotted circle denotes the Feynman diagram Υ .
Addition, applying (2.26) repetitively, we obtain for n ≥ 2 11
∇ns
(
λ(s) ∂xµ(s) τµ[y(s)]
)∣∣∣
s=0
= λ(0) τµ
n−2∑
k=0
T µ1···µkνk ∇µ1 · · · ∇µkRµρσν `ρ `σ , (3.68)
with Tk = O(`k) . The explicit form of T µ1···µkνk for general k is not relevant for the
following discussion. By (3.29), we have τµR
µ
ρσν = τρRσν(M) . Moreover, τµ∇ν Oµ =
∇ν
(
τµOµ
)
+ Ων τµOµ . Applying these two identities to (3.68), we obtain
∇ns
(
λ(s) ∂xµ(s) τµ[y(s)]
)∣∣∣
s=0
= λ(0) `ρ `σ
n−1∑
k=0
T˜ µ1···µkνk ∇µ1 · · · ∇µk
[
τρRσν(M)
]
= λ(0) ` `σ
n−1∑
k=0
T µ1···µkνk ∇µ1 · · · ∇µkRσν(M) . (3.69)
Using (3.69), we obtain the Taylor expansion of λ ∂xµ τµ as
λ ∂xµ τµ[x] = λ0 ∂x
µ
0 τµ + λ0D`+
∞∑
n=2
1
n!
λ0 ` `
σ
n−1∑
k=0
T µ1···µkνk ∇µ1 · · · ∇µkRσν(M)
+ρ ∂xµ0 τµ + ρD`+
∞∑
n=2
1
n!
ρ ` `σ
n−1∑
k=0
T µ1···µkνk ∇µ1 · · · ∇µkRσν(M) . (3.70)
We attempt to construct a Feynman diagram Υ that contains an insertion of λ0 ,
which necessarily involve the vertices in (3.70). We make two observations: First, all
11When n = 2 , (3.68) reduces to ∇2s
(
λ(s) ∂xµ(s) τµ[y(s)]
)∣∣∣
s=0
= λ(0) ∂xµ0 τµR
µ
ρσν `
ρ `σ .
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vertices that involve λ0 or ρ necessarily involve an ` that contributes an internal leg in
Υ . Second, the only propagator that involves either ρ or ` is 〈0|T ρ(σ) `(σ′)|0〉 given
in (3.12b). Therefore, the Feynman diagram Υ necessarily contains a subdiagram that
is a chain which starts and ends with two different insertions of vertices that both
contain a λ0 field. See Figure 1. The same arguments also apply to an λ0 insertion.
Hence, the (λ0 , λ0)-dependent operators that the Υ diagram corrects must contain a
λ0 λ0 or λ0 λ0 factor, which is forbidden by the rotational symmetry on the Euclidean
worldsheet.12 Therefore, Υ has to vanish identically. This shows that there are no
divergent or finite quantum corrections to any (λ0 , λ0)-dependent operators. When
marginal operators are concerned, this implies that there is no quantum correction to
the operators λ0λ0 , λ0DX0 and λ0DX0 .
The above nonrenormalization theorem is a result of the hypersurface orthogonality
condition (2.11), required by the ZA gauge symmetry in (2.6). This point will be further
elaborated on in Appendix B.
4. The Dilaton Contribution
In §3, the beta-functions of the nonrelativistic string theory NLSM in a string Newton-
Cartan geometry and Kalb-Ramond field background are computed. In this section, we
consider the contributions from including the dilaton field in the sigma model action.
On a curved worldsheet equipped with a metric hαβ , α , β = 1 , 2 , the action (2.17)
becomes [5]
S = SΦ +
1
4piα′
∫
d2σ
√
h
{
DxµDxν(Eµν [x] + Aµν [x])+ λDxµ τµ[x] + λDxµ τµ[x]} ,
Here,
D ≡ i√
h
αβ eα∇β , D ≡ i√
h
αβeα∇β . (4.1)
We also included in the action the dilaton term,
SΦ =
1
4pi
∫
d2σ
√
hR[h] Φ[x] , (4.2)
with R[h] the worldsheet Ricci scalar and Φ[x] the dilaton field. The complication of
working on a curved worldsheet can be avoided by focusing on the stress energy tensor.
12Note that λ (and λ) transforms nontrivially under the worldsheet rotation. In the infinitesimal
case, we have δσα = ω αβ σ
β , λ = iωλ and λ = −iωλ .
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Even though the dilaton vanishes identically in the flat worldsheet limit, it contributes
nontrivially the stress energy tensor,
TΦαβ = −
4pi√
h
δ
δhαβ
SΦ = ∇α∂βΦ− hαβ∇γ∂γΦ , (4.3)
which in the flat limit hαβ → δαβ contributes
TΦ[x] = −∂∂Φ[x] (4.4)
to the trace anomaly. In the following, we compute the contributions from the trace
anomaly (4.4) to the beta-functions in (3.62) on a flat worldsheet.
First, with respect to the background field x0 , the classical trace (4.4) is
TΦ[x0] = −∂∂xµ0 ∂µΦ[x0]− ∂xµ0 ∂xν0 ∂µ∂νΦ[x0] . (4.5)
Using the background field equation of motion 13(
∂∂xρ0 Eρ
A′)EσA′ = ∂xµ0 ∂xν0(τρA τσA Γρµν − Γσµν + 12EρσFρµν) , (4.6)
and the identity ∇∂xµ0 τµA = 0 , we rewrite (4.5) in a covariant form
TΦ[x0] = −∂xµ0 ∂xν0
(
1
2
FA′µν∇A′Φ[x0] +∇µ∇νΦ[x0]
)
. (4.7)
On the other hand, the trace of the stress energy tensor is related to the beta-functions
βHµν , β
B
µν , β
τ
µ and β
τ
µ as follows [20]:
Tαα[x0] = − 1
2α′
[(
βHµν + β
B
µν
)
∂xµ ∂xν + βτµ λ ∂x
µ + βτµ λ ∂x
µ
]
. (4.8)
Comparing (4.7) with (4.8), we find that the beta-functions in (3.62) are extended with
the dilaton contributions,
βΘ = −1
4
α′
(
ηAB PAB − AB QAB
)
, βHA′B′ = α
′ PA′B′ , (4.9a)
βΘAA′ =
1
2
α′
(
PAA′ + A
B QBA′
)
, βBA′B′ = α
′QA′B′ , (4.9b)
where
Pµν ≡ Rµν − 1
4
HµA′B′HνA′B′ + 2∇µ∇νΦ , (4.10a)
13The equation of motion (4.6) is derived by varying the linear `µ terms in the action (2.38). Here,
it is more convenient to use the connection coefficients in the form of (3.60).
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Qµν ≡ −1
2
∇A′HA′µν +∇A′ΦHA′µν . (4.10b)
Here, we applied (3.59) to reshuffle the mµ
A dependences in the final beta-functions.
These resulting beta-functions match the ones derived in [6, 20].
So far, we have computed the contribution from the dilaton to the running of other
couplings by working on a flat worldsheet. However, for the sigma model to be Weyl
invariant, the trace of the stress energy tensor has to vanish on any curved worldsheet.
The Weyl anomaly on a curved worldsheet can be computed in an elegant way by
evaluating two-point functions of the stress energy tensor still on a flat worldsheet. A
detailed explanation of this procedure for the string theory sigma model can be found
in [23], where the trace anomaly of the stress energy tensor is computed by evaluating
〈T−+T−+〉 on a flat worldsheet. Here, T−+ is a component of the stress energy tensor in
light-cone coordinates. Even to the lowest α′-order in beta-functions, this calculation
involves tree-level, one-loop and two-loop diagrams.
Application of the same method in [23] to the nonrelativistic string theory sigma
model turns out to be almost identical to the relativistic case, except for replacing the
relativistic propagator with 〈0|T `A′(σ) `B′(σ′)|0〉 given by (3.12a) in the same nonvan-
ishing Feynman diagrams. The resulting dilaton beta-function is 14
βΦ =
d− 26
6
− α′(∇A′∇A′Φ−∇A′Φ∇A′Φ + 14RA′A′ − 148HA′B′C′HA′B′C′) , (4.11)
where RA′
A′ = EµνRµν . Here, (d − 26)/6 comes from the central charge contribution
from both the matter fields and the bc-ghosts in flat spacetime. There are a few
additional subtleties that are worth mentioning in this calculation in comparison with
[23]. First, the stress energy tensor is different in nonrelativistic string theory because
it receives contributions from the (λ , λ)-dependent operators in the action. The only
change this brings is in the one-loop diagram that corrects 〈T++T++〉 , 15
× ×ρ ∂` ρ ∂`
which is related to 〈T−+T−+〉 by imposing the conservation law of the stress energy ten-
sor. This calculation gives rise to a central charge contribution from the matter fields.
Second, when two-loop diagram contributions to the dilaton running are concerned, it
14The beta-function βΦ actually describes the running of Φ− 14 lnG , with G given in (2.20) [20].
15The contribution from the (λ , λ)-dependent operators to T++ on flat spacetime takes the form of
λ∂X , expanding which with respect to ρ and ` gives rise to a ρ ∂` vertex.
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is possible that there are diagrams which contain vertices associated with the interac-
tion operators, ∂`µ ∂`ν `ρ `σ∇ρ∇σEµν , ρ ` `A and ρ ` `A , 16 that are not present in [23] .
These interaction terms are obtained from the expansion of (2.13) with respect to the
quantum fields ρ , ρ and `µ . There is simply no two-loop diagram contributing to βΦ
that involves the vertices ρ ` `A and ρ ` `A . However, the operator ∂`µ ∂`ν `ρ `σ∇ρ∇σEµν
enters in the two-loop diagram
× ×∂`A′∂`A′ ∂`A′∂`A′
∂`µ ∂`ν `ρ `σ∇ρ∇σEµν
×
that corrects 〈T++T++〉 . In this diagram, ∇ρ∇σEµν only contributes in the way with
all indices contracted with Eκλ , which turns out to be identically zero. This shows
that the additional vertices do not contribute to βΦ at the lowest α′-order.
5. Conclusion
In this paper, we developed a covariant background field method for string Newton-
Cartan geometry and used it to compute beta functions of the NLSM that describes
nonrelativistic string theory. The presence of the worldsheet fields λ and λ that play
the role of Lagrange multipliers in this NLSM adds a few interesting subtleties in this
background field method calculation. First, in order to take into account necessary
field redefinitions of λ and λ that are required for the action to be covariant, we in-
troduced a covariant expansion of these Lagrange multipliers with respect to the affine
parameter. Second, by requiring that the string-Galilean boost symmetry hold in the
beta-functions, we identified the appropriate regularization of linearly divergent loop
diagrams associated with the (λ , λ)-dependent operators in the action. Finally, we
proved a nonrenormalization theorem associated with the classical constraints imposed
by integrating out the Lagrange multipliers λ and λ in the path integral. After this
analysis of the quantum effects from the presence of λ and λ , we applied a series of
rather nontrivial identities in string Newton-Cartan geometry to derive the leading α′-
order beta-functions in (4.9) and (4.11), which are consistent with the results previously
found in [6, 20].
Having developed this machinery, we can more easily calculate higher loop correc-
tions to the beta-functions, and hence higher derivative corrections to string Newton-
Cartan gravity. It is also natural to extend the framework developed in this paper to
16One can show that operators like ρ `A`A
′
do not appear by using Identity 4 and 5.
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include effects of D-branes and derive the nonrelativistic analogue of the Dirac-Born-
Infeld effective field theory.
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A. Identities in String Newton-Cartan Geometry
In this appendix, we collect various identities in string Newton-Cartan geometry to
facilitate the derivations in §3.3. We first introduce a few more ingredients of string
Newton-Cartan geometry, following [4, 6].
We continue using the notation introduced in §3.1 around (3.31), to exchange a
curved index µ with flat indices {A,A′} when it is contracted with an inverse Vielbein
field when there is no derivatives acting on this inverse Vielbein. Also define
τµν
A ≡ ∂[µτν]A , EµνA′ ≡ ∂[µEν]A′ . (A.1)
As an example, we have EAB′
A′ ≡ τµAEνB′∂[µEν]A′ . In terms of the this notation, the
spin connections are [4, 6]
Ωµ = 
AB
(
τµAB − 12τµCτABC
)
, (A.2a)
Ωµ
AA′ = −EµAA′ + EµB′EAA′B′ , (A.2b)
Ωµ
A′B′ = −2EµA′B′ + EµC′EA′B′C′ . (A.2c)
It is also useful to define Ωµ
A′A = −ΩµAA′ . We have set mµA = 0 in the spin con-
nections, since mµ
A is treated as a part of Aµν in (2.17) after applying the field redef-
initions of the Lagrange multipliers in (2.16). We have used the curvature two-forms
Rµν(M) ,RµνAA′(G) and RµνA′B′(J) to rewrite Rρσµν as in (3.29). In terms of the spin
connections Ωµ ,Ωµ
AA′ and Ωµ
A′B′ , these curvature two-forms are [4, 6]
Rµν(M) = 2∂[µΩν] , (A.3a)
Rµν
A′B′(J) = 2
(
∂[µΩν]
A′B′ + Ω[µ
A′C′Ων]
B′
C′
)
, (A.3b)
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Rµν
AA′(G) = 2
(
∂[µΩν]
AA′ + ABΩ[µ
BA′Ων] + Ω[µ
AB′Ων]
A′
B′
)
. (A.3c)
Finally, the curvature constraints (2.11) in our new notation become
τµν
A = AB Ω[µτν]
B , Eµν
A′ = −Ω[µAA
′
τν]A + Ω[µ
A′B′Eν]
B′ . (A.4)
From the first equation in (A.4), we also obtain
τA′AB = −τA′BA , τA′B′A = 0 . (A.5)
We now move on to derivations of a list of identities in string Newton-Cartan
geometry. We will also derive a few related identities in the NLSM action, which
requires imposing the constraints DX0 = DX0 = 0 in (3.51), already justified in §3.3.
Identity 1. Ω[A′B′]A = 0 .
Proof. Plugging (A.2b), we find Ω[A′B′]A =
1
2
(
EA′AB′ − EB′AA′
)− EA[B′A′] = 0 .
Identity 2. ∇[A′EB′]µ = 0 .
Proof. Using (2.36), we find
∇ρEµν = −ηAB ΩρAA′
(
Eµ
A′τν
B + Eν
A′τµ
B
)
. (A.6)
Define Ωµ
A′A ≡ −ΩµAA′ . Then, ∇[A′EB′]µ = τµA Ω[A′B′]A . Using Identity 1 we find
∇[A′EB′]µ = 0 .
Identity 3.
∫
d2σ∇∂xµ∇A′EA′µ = 0 .
Proof. From (A.6), we have ∇A′EA′µ = τµA ΩA′A′A . Define
Ωµ
A′ ≡ 1
2
(−ΩµA′0 − ΩµA′1) , ΩµA′ ≡ 1
2
(−ΩµA′0 + ΩµA′1) . (A.7)
Up to integration by parts, we have∫
d2σ∇∂xµ∇A′EA′µ =
∫
d2σ∇∂xµ (τµ ΩA′A′ + τµ ΩA′A′)
= −
∫
d2σ ∂xµ0 ∂x
ν
0
(∇ντµ ΩA′A′ + τµ∇νΩA′A′ +∇µτ ν ΩA′A′ + τ ν∇µΩA′A′)
= −
∫
d2σ
[
DX0 ∂x
µ
0
(−Ωµ+∇µ)ΩA′A′ + ∂xµ0 DX0(Ωµ+∇µ)ΩA′A′]
= 0 . (A.8)
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Identity 4. RA′B′(M) = 0 .
Proof. Using (A.3a), we find
RA′B′(M) = 2∂[A′ΩB′] = 2E[µ A′Eν] B′ AB
(
∂µτ
ρ
A ∂[ντρ]
B + τ ρA ∂µ∂[ντρ]
B
)
. (A.9)
Differentiating both sides of the invertibility condition τµA τν
A + EµA′Eν
A′ = 0 , we
obtain
∂µτ
ρ
A = −τσA
(
τ ρB ∂µτσ
B + EρA′ ∂µEσ
A′) , (A.10a)
∂µE
ρ
A′ = −EσA′
(
τ ρB ∂µτσ
B + EρB′ ∂µEσ
B′) . (A.10b)
Applying (A.10a) to (A.9), we find
RA′B′(M) = −2E[µA′Eν]B′ τ ρA Ων ∂[µτρ]A
= −(AB τ ρA τρB)(E[µA′Eν]B′ Ωµ Ων)
= 0 . (A.11)
Identity 5. RAA′(M) = 0 .
Proof. Using (A.3a), we find
RAA′(M) = 2 τµAEνA′∂[µΩν]
= BC
(
2 τρ(AC) ∂A′τ
ρ
B − ∂A′τABC + ∂AτA′BC + τA′AD τBCD
− τρA′C ∂Aτ ρB + 12∂A′τBCA
)
. (A.12)
We emphasize that we only use the simplified notation when there are no derivatives
acting on Vielbein fields with raised curved index µ . For example, ∂A′τABC is under-
stood to be ∂A′τABC = E
µ
A′ τ
ν
A τ
ρ
B ∂µ∂[ντρ]C . Further note that
BC∂A′τBCA = −2 BC
(
∂BτA′AC +2 τµAC ∂BE
µ
A′ +τA′µC ∂Bτ
µ
A+τA′µA ∂Bτ
µ
C
)
. (A.13)
Using (A.13) together with (A.5) and (A.10), we find
RAA′(M) = −2 BC τA′CD
(
2 τD(AB) + τAB
D
)
. (A.14)
By repetitively using the Schouten identity for an arbitrary tensor TABC with
T[AB]C = T[CB]A + T[AC]B , (A.15)
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we find that
BCτA′C
D τABD = 
BCηDE
(
τA′DE τABC + τA′CD τAEB
)
,
= BCηDE
(
τA′DA τEBC + τA′DB τAEC + τA′CD τAEB
)
= BCηDE
(
τA′DB τEAC + τA′DC τEBA + τA′DB τAEC + τA′CD τAEB
)
.
Using the first equation in (A.5), we obtain
BCτA′C
D τABD = −2 BCηDEτA′CD τE(AB) . (A.16)
Plugging (A.16) back into (A.14), we derive RAA′(M) = 0 .
Identity 6. ∂xµ0 ∂x
ν
0Rµν(M) = 14DX0DX0 ABRAB(M) .
Proof. First, we rewrite the Rµν(M) term as follows:
∂xµ0 ∂x
ν
0Rµν(M) = DX0DX0 τµ τ νRµν(M) +DX0DxA
′
0 τ
µEνA′Rµν(M)
+DxA
′
0 Dx
B′
0 RA′B′(M) +DX0DxA
′
0 τ
µEνA′Rµν(M) , (A.17)
Then, using Identity 4 and 5, we find that
∂xµ0 ∂x
ν
0Rµν(M) =
1
4
DX0DX0 
ABRAB(M) . (A.18)
Identity 7. The following identity relates ∇µ∇ν Eρσ to the curvature two-form associ-
ated with the string-Galilean boost generator GAA′ :
∂xµ0 ∂x
ν
0
(∇A′∇A′Eµν −∇µ∇A′EA′ν −∇ν∇A′EA′µ)
= DX0DX0O +DX0DxA′OA′ +DX0DxA′ OA′ , (A.19)
where OA′ ≡ O0A′ +O1A′ , OA′ ≡ O0A′ −O1A′, and
O = 1
2
RA′AAA′(G) , OAA′ = ηABRA′B′BB′(G) . (A.20a)
Proof. First, imposing the constraints DX0 = DX0 = 0 , we find
∂xµ0 ∂x
ν
0
(∇A′∇A′Eµν −∇µ∇A′EA′ν −∇ν∇A′EA′µ)
= DX0DX0O +DX0DxA′OA′ +DX0DxA′ OA′ , (A.21)
where
O = 2EρA′ τσA∂[σΩρ]A′A
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+
1
2
(
EρA′ τ
σ
A∇ρΩσA′A − ABΩA ΩA′A′B − ΩA′B′A ΩAA′B′
)
, (A.22a)
OA′ = Eρσ∇ρ ΩσA′ − EρB′EσA′∇ρ ΩσB′
+ ΩB′C′ ΩB′C′A′ − ΩB′ ΩB′A′ + ΩB′ ΩA′B′ + ΩA′C′ ΩB′B′C′ , (A.22b)
OA′ = Eρσ∇ρ ΩσA′ − EρB′EσA′∇ρ ΩσB′
+ ΩB′C′ ΩB′C′A′ + ΩB′ ΩB′A′ − ΩB′ ΩA′B′ + ΩA′C′ ΩB′B′C′ . (A.22c)
Here, ΩA
′
and Ω
A′
are defined in (A.7). Also note that ΩA′B′ = E
µ
A′ Ωµ
B′ and ΩA′B′ =
EµA′ Ωµ
B′ . Then, it follows that
OAA′ = EρB′EσA′∇ρΩσB′A − Eρσ∇ρΩσA′A
+ 2 AB ΩB′ ΩA′B′
B + ΩB′A′C′ ΩB′C′A − ΩB′B′C′ ΩA′C′A . (A.23)
Using the explicit expression of the connection coefficients in (2.10), we find
EρA′ τ
σ
A∇ρΩσA′A = 2
(
τA′AB EABA′ + 2EA′AB′E
A
(A′B′)
)
+ ΩA′B′
A ΩAA′B′ . (A.24)
Using (2.11) to rewrite τµν
A and Eµν
A′ in terms of spin connections in (A.24), we obtain
EρA′ τ
σ
A∇ρ Ωσ A′A = −AB ΩA′ ΩAA′B + ΩA′B′A ΩAA′B′
− 1
2
(
ΩA′B′A ΩA′B′
A + ΩB′C′A ΩB′C′
A
)
. (A.25)
Following the similar but a more lengthy procedure, we also find
EρB′ E
σ
A′∇ρ ΩσB′A − Eρσ∇ρΩσA′A = ΩB′C′A ΩB′C′A′ + ΩB′B′C′ ΩA′C′A . (A.26)
Plugging (A.25) and (A.26) in (A.21), and using (A.3c), we obtain
O = 1
2
RA′AAA′(G) , OAA′ = ηABRA′B′BB′(G) . (A.27a)
B. Elements on Torsional String Newton-Cartan Geometry
In §3.4, we showed that no (λ , λ)-dependent operator receives any quantum correction.
We also mentioned at the end of §3.4 that this is a direct consequence of the hyper-
surface orthogonality condition D[µτν]
A = 0 . To illustrate this point more explicitly,
in the following, we consider the case when D[µτν]
A 6= 0 and show how the λλ term is
generated quantum mechanically already at one loop (see also [20]). 17
17In this case, the ZA gauge symmetry is anomalous.
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We start with imposing the Vielbein postulates as in (2.7),
Dµτν
A − Γ̂ρµν τρA = 0 , DµEνA′ − Γ̂ρµν EρA′ = 0 , (B.1)
where the action of Dµ is defined in (2.8). We only impose the curvature constraint
D[µEν]
A = 0 . It then follows that
Γ̂ρµν = Γ
ρ
µν + T
ρ
µν , (B.2)
where Γρµν = Γ
ρ
νµ is the torsionless part of the affine connection and
T ρµν ≡ τ ρAD[µτν]A , (B.3)
is the torsion. The covariant derivative acts on vector field Vµ and one-form field ω
µ as
∇̂µVν = ∂µVν − Γ̂ρµν Vρ , ∇̂µ ων = ∂µ ων + Γ̂νµρ V ρ . (B.4)
Since we are focusing on quantum corrections to operators containing λ0 and λ0 , we
only need to consider the covariant expansion of
Sλ =
1
4piα′
∫
d2σ λ ∂xµ τµ , (B.5)
and similarly for Sλ , with respect to the affine parameter s . Even though the geodesic
equation (2.21) is not modified, the conditions (2.41) on λµ(s) and λµ(s) need to be
modified to incorporate the torsion term, such that ∇̂s λµ(s) = ∇̂s λµ(s) = 0 . At second
order of the quantum fields `µ and ρ , (B.5) gives
S
(2)
λ =
1
4piα′
∫
d2σ
{
ρ
(∇`µ τµ − 2 `ν ∂xµ0 τρ T ρµν)− 12`ρ`σλ0 ∂xµ τνR̂νρµσ
− λ0
[
∇̂`ρ`στν T νρσ + ∂xµ`ρ`στν
(∇̂ρ T νµσ + 2T νκρ T κσµ)]} . (B.6)
Similarly, Sλ gives
S
(2)
λ
=
1
4piα′
∫
d2σ
{
ρ
(∇`µ τµ − 2 `ν ∂xµ0 τρ T ρµν)− 12`ρ`σλ0 ∂xµ τ νR̂νρµσ
− λ0
[
∇̂`ρ`σ τ ν T νρσ + ∂xµ`ρ`στ ν
(∇̂ρ T νµσ + 2T νκρ T κσµ)]} . (B.7)
Here, the curvature tensor R̂µνρσ is defined to be
R̂µρσν = ∂σΓ̂
µ
νρ − ∂νΓ̂µσρ + Γ̂µσκΓ̂κνρ − Γ̂µνκΓ̂κσρ . (B.8)
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Using (B.6) and (B.7) (together with other (λ , λ)-independent terms) we can derive as
in §3.1 a set of Feynman rules for the vertices. In this set of rules, the ones that are
relevant to quantum corrections to the λ0 λ0 operator are
×
T
`A
′
(σ) `B
′
(σ′)
= − 1
4piα′
∫
TA′B′(σ′′)
(
∂
′ − ∂) dµ(σ , σ′ , σ′′) , (B.9a)
×
T
`A
′
(σ) `B
′
(σ′)
= − 1
4piα′
∫
TA′B′(σ′′)
(
∂′ − ∂) dµ(σ , σ′ , σ′′) , (B.9b)
where we defined TA′B′ = −λ0 τµT µA′B′ and TA′B′ = −λ0 τµT µA′B′ . There is a unique
diagram that contributes the λ0λ0 corrections at one loop,
× ×T T¯ = 1
4pi
log Λ
∫
d2σ λ0 λ0 τµ τ ν T
µ
A′B′ T
ν
A′B′ + finite . (B.10)
However, there is no corresponding counterterm in (3.54) to absorb this log divergence.
Moreover, the appearance of the λ0λ0 operator invalidates the procedure of imposing
the conditions (3.51) and (3.53) at the level of the effective action. As expected, (B.10)
vanishes identically when the torsion T ρµν is set to zero.
Note that (B.6) and (B.7) also contain vertices that contribute log divergent quan-
tum corrections to the λ0 ∂x
µ
0 (and λ0 ∂x
µ
0) operators. Schematically, from (B.6), we
can see that these quantum corrections at least contain terms like
λ0 ∂x
µ
0
(
a1 τν∇̂A′T νµA′ + a2 τν T νρA′ T ρµA′ + · · ·
)
log Λ . (B.11)
The λ0 ∂x
µ
0 operator also receives other quantum corrections when other operators in
the action are taken into account, such as
a3 λ0 ∂x
µ
0 τν T
ν
A′B′HA′B′µ log Λ . (B.12)
All these contributions again vanish identically when T ρµν = 0 .
One may also consider deforming the NLSM by including the operator λλ with a
coupling U together with all necessary counterterms and re-derive the beta-functions.
It would then be interesting to look for solutions with U = 0 while other couplings are
tuned in the way such that these new beta-funcations vanish. In this case, there will be
an extra equation from the vanishing beta-function for the coupling U (even though U
itself is set to zero). Judging from the contributions given in (B.10), (B.11) and (B.12),
one expects that τµ
A also runs and that T ρµν is generically nonzero in solutions to the
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spacetime equations of motion with U = 0 . 18 This scenario might be relevant to [19],
where classical NLSMs in a torsional string Newton-Cartan background is proposed. It
will also be interesting to compare this result with [18], where Weyl invariance of the
sigma model in a torsional Newton-Cartan background is considered.
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